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Abstract

A cellular automaton (CA) is a well-studied non-linear computational model of complex
systems in which an infinite one-dimensional array of finite state machines (cells) updates itself
in a synchronous manner according to a uniform local rule. A sequence generation problem
on the CA model has been studied for a long time and a lot of generation algorithms has been
proposed for a variety of non-regular sequences such as {2n | n = 1,2,3, . . .}, prime, and Fibonacci
sequences etc. In this paper, we study a real-time sequence generator for {n3 | n = 1,2,3, . . .}. In
the previous studies, Kamikawa and Umeo(2018) showed that sequence {n3 | n = 1,2,3, . . .} can
be generated in real-time by an eight-state CA. We present a new six-state implementation of
real-time sequence generator for {n3 | n = 1,2,3, . . .} rather than reducing the internal state of
the Kamikawa and Umeo’s sequence generator and give a formal proof of the correctness of the
generator. In addition, we show the number of state-changes and number of cells of sequence
generators, and compare sequence generators.

Keywords: Cellular automata, Real-time sequence generation problem, Parallel algorithm, Com-
putational complexity

1 Introduction
Amodel of cellular automaton (CA) was originally devised for studying self-reproduction in biological
systems by J. von Neumann [11]. Thereafter, the cellular automaton has been studied in many fields
such as complex systems, computability theory, mathematics, and theoretical biology.

A sequence generation problem is one of the major topics in the application of CAs. Arisawa [1],
Fischer [2], Korec [10], and Kamikawa and Umeo [3–8] studied the sequence generation problem,
where a leftmost cell of the array generates an infinite non-regular sequence indicated by an internal
state set. In those studies, much attention has been paid to the developments of real-time generation
algorithms and their small-state implementations on CAs for specific non-regular sequences.

Here we study a generation algorithm for sequence {n3 | n = 1,2,3, ...}. In the previous studies,
sequence {n3 | n = 1,2,3, ...} generation algorithm on the CA was designed by Kamikawa and Umeo [9].
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They showed that sequence {n3 | n = 1,2,3, ...} can be generated in real-time by an eight-state CA
and gave a formal proof of the correctness of the generation algorithm. However, the state lower
bound of real-time sequence generator has not been revealed.

In this paper, we present a new six-state implementation of real-time sequence generator for
{n3 | n = 1,2,3, . . .} rather than reducing the internal state of the Kamikawa and Umeo [9]’s sequence
generator and give a formal proof of the correctness of the generator. In addition, we show the
number of state-changes and number of cells of sequence generators, and compare six- and eight-
state sequence generators. Our motivation to study the sequence generation problem on CAs is to
want to show computing power of CAs. Also, it is known that prime, and Fibonacci sequences,
and so on appear in various natural phenomena. For example, the Fibonacci sequence appears in
biological modelings such as the number of petals in a flower, branching in trees, and the family tree
of honeybees. Our sequence generation algorithms would be useful in the simulation and modeling
biological pattern formations using CAs.

2 Sequence Generation Problem
A cellular automaton consists of a semi-infinite array of identical finite state automaton, each located
at a positive integer point (See Figure 1).

C1 C2 C3 Cn-1C4 CnC5 C6 C7

Figure 1: One-dimensional cellular automaton.

Each automaton is referred to as a cell. A cell at point i is denoted by Ci, where i ≥ 1. Each Ci,
except for C1, is connected to its left- and right-neighbor cells via a communication link. Each cell
can know a state of its left- and right-neighbor cells via the communication link. One distinguished
leftmost cell C1, the communication cell, is connected to outside and C2.

Formally, a cellular automaton (abbreviated by CA) consists of a semi-infinite array of finite
state automaton M = (Q, δ,b,a), where

1. Q is a finite set of internal states.

2. δ is a transition function defining the next state of a cell such that δ: Q × Q ×Q → Q, where
δ(w,x,y) = z, w, x, y, z ∈ Q, has the following meaning: Let t be an integer such that t ≥ 0.
We assume that at step t the cell Ci (i ≥ 2) is in state x, the left cell Ci−1 is in state w and
the right cell Ci+1 is in state y. Then, at the next step t + 1, Ci takes state z. The leftmost
cell C1 always gets a special state $ from its outside as the state of its left cell. A quiescent
state q ∈ Q has a property such that δ(q,q,q) = q and δ($,q,q) = q.

3. A state b is a special state in Q which C1 takes at the initial configuration.

4. A state a is a special state in Q to specify a designated state of C1 in the definition of sequence
generation.

Here we introduce some notations. A transition rule δ(w, x, y) = z is simply expressed as w x
y → z. To denote a configuration on a cellular array of length n at time t, we use the following
convention: t : St1 ... Stn, where Sti denotes the state of the ith cell Ci at time t, 1 ≤ i ≤ n, t ≥ 0.

For convenience, a notation t :

[i, j]︷︸︸︷
S...S is also used to denote a partial configuration on neighboring

j − i + 1 cells, starting from the ith cell Ci to Cj , all in state S at time t.
We define a new symbol ⇒ that shows a synchronous updating of one configuration to the next

one with simultaneous applications of the transition rule to each cell. For example, a one-step state
transition of M is shown as follows:
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t :

[1,n]︷ ︸︸ ︷
St1...S

t
n ⇒ t + 1 :

[1,n]︷       ︸︸       ︷
St+11 ...St+1n .

We now define the sequence generation problem on CA. Let M be a CA, j be a natural number
such that j ≥ 1, and {tn | n = 1,2,3, . . .} be an infinite monotonically increasing positive integer
sequence defined on natural numbers such that tn ≥ n for any n ≥ 1. We have a semi-infinite array
of cells, shown in Figure 1, and all cells, except for C1, are in a quiescent state q at time t = 0.
The communication cell C1 takes a special state b in Q at time t = 0 for initiation of the sequence
generator. We say that M generates a sequence {tn | n = 1,2,3, . . .} in j · linear-time if and only if
the leftmost end cell of M falls into a special state a in Q at time t = j · tn. Note that M generates the
nth term of tn at time t = j · tn. In particular, when j = 1, we call M a real-time sequence generator.
In this case, M generates a sequence {tn | n = 1,2,3, . . .} without any time delay. Therefore, when
j = 1, M is optimal in generation steps.

3 Real-Time Sequence Generator for {n3 | n = 1,2,3, . . .}

In this section, we present two implementations of real-time sequence generator for {n3 | n = 1,2,3, . . .}.
First, we demonstrate a six-state sequence generator. Secondly, we explain an overview of an eight-
state sequence generator shown by Kamikawa and Umeo [9]. Lastly, we study the number of state-
changes and the number of cells of two sequence generators.

3.1 Six-State Real-Time Sequence {n3 | n = 1,2,3, ...} Generator
We propose a six-state cellular automaton that can generate sequence {n3 | n = 1,2,3, . . .} in real-time
and give a formal proof for the correctness of the transition rule set proposed.

3.1.1 Space-Time Diagram

We give a sketch of the generation algorithm. The algorithm is described in terms of six signals
which propagate at various speeds in the cellular space. We call them waves. They are a-wave,
b-wave, c-wave, d-wave, e-wave and f-wave, respectively. See Figure 2 that illustrates a space-time
diagram for the real-time generation of the sequence. The propagation speed and direction of each
wave in a space-time domain is as follows:

• a-wave: 1/1-speed, right,

• b-wave: 1/1-speed, left,

• c-wave: 0-speed, stationary (marker),

• d-wave: 0-speed, stationary (marker),

• e-wave: 1/1-speed, left, and

• f-wave: 1/1-speed, left.

A rough sketch of the sequence {n3 | n = 1,2,3, . . .} generation algorithm is as follows:

1. The c-wave, generated by the cell C2 at time t = 1, keeps a marker.

2. The a-wave starts to move in the right direction at time t = 1 towards the marker at 1/1
speed, then bounces back at its meeting with the marker to the left end as a b-wave. At the
arrival of the b-wave at left end of the array, the a-wave is generated. The a- and b-waves
reciprocate between the cell C1 and the marker. When the a-wave reaches the marker at time
t = 6, the marker moves to the cell C3 , and an f-wave is generated on the cell C2. The f-wave
propagates in the left direction, and a d-wave is generated on the cell that the f-wave passed
through. The d-wave keeps a marker. The f-wave hits the cell C1 at time t = 7. At the next
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step t = 8, the cell C1 falls into the special state a, the a-wave generated, and the cell C1

generates the next term. Before time t = 8, there are not enough cells between the leftmost
cell C1 and the c-wave, so the e-wave is not generated, and the c- and b-waves appear on the
cell C2 simultaneously.

3. When the a-wave conflicts with the d-wave, the a- and d-waves are deleted, and the b-wave is
generated. At the arrival of the b-wave at the cell C1, the a-wave is generated. The a- and
b-waves reciprocate until all d-waves are deleted. When the a-wave hits the c-wave, the e-wave
is generated. The e-wave propagates in the left direction, and the d-wave is generated on the
cell that the e-wave passed through. At the arrival of the e-wave at the cell C1, the a-wave
is generated. The a-, b- and e-waves repeat reciprocating. When a-wave hits the marker for
the third time, the marker moves to the right cell, and the d-wave is generated. The f-wave
propagates in the left direction, and the cell C1 falls into the special state a at the next step
where the f-wave reaches the cell C1.

4. Let i be any natural number such that i ≥ 2. At time t = i3, the c-wave exists on the cell
Ci+1, d-waves exist on each of cells C`,2 ≤ ` ≤ i, the cell C1 falls into the special state
a, and the a-wave generated. The a- and b-waves reciprocate between the cell C1 and the
leftmost d-wave, and the leftmost d-wave is deleted. Then, all d-waves are deleted after the
a- and b-waves reciprocate in i times. At the next, the a- and e-waves reciprocate between
the cell C1 and the c-wave existed on the cell Ci+1. The e-wave hits the cell C1 at time
t = i3 + (2+ 4+ 6+ . . . + 2i) = i3 + (i2 + i), therefore the speed of the a- , b- and e-waves are 1/1.
The e-wave then reaches the cell C1 at time t = i3 + 2(i2 + i), after which the f-wave reaches
the cell C1 at time t = i3 + 3(i2 + i). At the next step t = i3 + 3(i2 + i) + 1 = (i + 1)3, the cell C1

falls into the special state a.

3.1.2 Implementation

A six-state real-time sequence generator for {n3 | n = 1,2,3, . . .} consists of a semi-infinite array of
finite state automaton M = (Q, δ,b,a), where Q = {q,a,b,c,d,e}. Table 1 is the transition function
Rn3 for the real-time sequence {n3 | n = 1,2,3, . . .} generator.

Table 1: A six-state transition function Rn3 for real-time generation of sequence {n3 | n = 1,2,3, . . .}.
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The initial configuration of M at time t = 0 is:

t = 0 :

[1]︷︸︸︷
b

[2,...]︷ ︸︸ ︷
q, ...,q.
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Figure 2: Space-time diagram for real-time generation of sequence {n3 | n = 1,2,3, . . .}.
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At time t = 1, all cells, except for C1 and C2, keep the quiescent state q with the rule q q q → q.
C1 and C2 fall into the state a and c with the rules $ b q → a and b q q → c in Rn3 , respectively.
The configuration at time t = 1 is:

t = 1 :

[1]︷︸︸︷
a

[2]︷︸︸︷
c

[3,...]︷ ︸︸ ︷
q, ...,q.

At time t = 2, all cells, except for C1, C2 and C3, keep the quiescent state q with the rule q q q →
q. C1, C2 and C3 fall into the state q, e and q with the rules $ a c → q, a c q → e and c q q
→ q in Rn3 , respectively. The configuration at time t = 2 is:

t = 2 :

[1]︷︸︸︷
q

[2]︷︸︸︷
e

[3,...]︷ ︸︸ ︷
q, ...,q.

In this way, M takes the following configurations at time t = 0 ∼ 27.

t = 0 :

[1]︷︸︸︷
b

[2,...]︷  ︸︸  ︷
q, . . . ,q ⇒

t = 1 :

[1]︷︸︸︷
a

[2]︷︸︸︷
c

[3,...]︷  ︸︸  ︷
q, . . . ,q ⇒

t = 2 :

[1]︷︸︸︷
q

[2]︷︸︸︷
e

[3,...]︷  ︸︸  ︷
q, . . . ,q ⇒

t = 3 :

[1,2]︷︸︸︷
ee

[3,...]︷  ︸︸  ︷
q, . . . ,q ⇒

t = 4 :

[1]︷︸︸︷
q

[2]︷︸︸︷
d

[3,...]︷  ︸︸  ︷
q, . . . ,q ⇒

t = 5 :

[1]︷︸︸︷
e

[2]︷︸︸︷
d

[3,...]︷  ︸︸  ︷
q, . . . ,q ⇒

t = 6 :

[1]︷︸︸︷
q

[2]︷︸︸︷
b

[3,...]︷  ︸︸  ︷
q, . . . ,q ⇒

t = 7 :

[1,2]︷︸︸︷
bb

[3]︷︸︸︷
c

[4,...]︷  ︸︸  ︷
q, . . . ,q ⇒

t = 8 :

[1]︷︸︸︷
a

[2]︷︸︸︷
b

[3]︷︸︸︷
c

[4,...]︷ ︸︸ ︷
q, ...,q ⇒

t = 9 :

[1]︷︸︸︷
q

[2,3]︷︸︸︷
cc

[4,...]︷ ︸︸ ︷
q, ...,q ⇒

t = 10 :

[1]︷︸︸︷
e

[2,3]︷︸︸︷
cc

[4,...]︷ ︸︸ ︷
q, ...,q ⇒

t = 11 :

[1]︷︸︸︷
q

[2]︷︸︸︷
a

[3]︷︸︸︷
c

[4,...]︷ ︸︸ ︷
q, ...,q ⇒

t = 12 :

[1,2]︷︸︸︷
qq

[3]︷︸︸︷
e

[4,...]︷ ︸︸ ︷
q, ...,q ⇒

t = 13 :

[1]︷︸︸︷
q

[2]︷︸︸︷
d

[3]︷︸︸︷
e

[4,...]︷ ︸︸ ︷
q, ...,q ⇒

t = 14 :

[1]︷︸︸︷
e

[2]︷︸︸︷
d

[3]︷︸︸︷
e

[4,...]︷ ︸︸ ︷
q, ...,q ⇒

t = 15 :

[1]︷︸︸︷
q

[2]︷︸︸︷
c

[3]︷︸︸︷
e

[4,...]︷ ︸︸ ︷
q, ...,q

t = 16 :

[1]︷︸︸︷
e

[2]︷︸︸︷
c

[3]︷︸︸︷
e

[4,...]︷ ︸︸ ︷
q, ...,q ⇒

t = 17 :

[1]︷︸︸︷
q

[2]︷︸︸︷
a

[3]︷︸︸︷
e

[4,...]︷ ︸︸ ︷
q, ...,q ⇒

t = 18 :

[1,2]︷︸︸︷
qq

[3]︷︸︸︷
d

[4,...]︷ ︸︸ ︷
q, ...,q ⇒

t = 19 :

[1]︷︸︸︷
q

[2,3]︷︸︸︷
dd

[4,...]︷ ︸︸ ︷
q, ...,q ⇒

t = 20 :

[1]︷︸︸︷
e

[2,3]︷︸︸︷
dd

[4,...]︷ ︸︸ ︷
q, ...,q ⇒

t = 21 :

[1]︷︸︸︷
q

[2]︷︸︸︷
c

[3]︷︸︸︷
d

[4,...]︷ ︸︸ ︷
q, ...,q ⇒

t = 22 :

[1]︷︸︸︷
e

[2]︷︸︸︷
c

[3]︷︸︸︷
d

[4,...]︷ ︸︸ ︷
q, ...,q ⇒

t = 23 :

[1]︷︸︸︷
q

[2]︷︸︸︷
a

[3]︷︸︸︷
d

[4,...]︷ ︸︸ ︷
q, ...,q ⇒

t = 24 :

[1,2]︷︸︸︷
qq

[3]︷︸︸︷
b

[4,...]︷ ︸︸ ︷
q, ...,q ⇒

t = 25 :

[1]︷︸︸︷
q

[2,3]︷︸︸︷
bb

[4]︷︸︸︷
c

[5,...]︷ ︸︸ ︷
q, ...,q ⇒

262



International Journal of Networking and Computing

t = 26 :

[1,...3]︷  ︸︸  ︷
b, . . . ,b

[4]︷︸︸︷
c

[5,...]︷ ︸︸ ︷
q, ...,q ⇒

t = 27 :

[1]︷︸︸︷
a

[2,3]︷︸︸︷
bb

[4]︷︸︸︷
c

[5,...]︷ ︸︸ ︷
q, ...,q

The overview of the wave generation and its implementation in terms of six states is as follows:

• a-wave: The a-wave is depicted by the state a or e. It is generated on C1. The state a
representing the a-wave appears all cells, except for C1. The state e representing the a-wave
appears only on C1. The a-wave propagates in the right direction at 1/1-speed and meets
either c- or d-wave which is a stationary state staying on a cell. When the a-wave hits the
d-wave, the b-wave which returns to the left direction is generated. On the other hand, when
the a-wave hits the c-wave, the e- or f-wave which return to the left direction are generated.
See Figure 2.

• b-wave: The b-wave is depicted by the state c, d or e. The state d and e representing the b-
wave appear only on C2 from time t = 0 to t = 7. At this time, the state d and e on C2 represent
not only the b-wave but also the c-wave. On the other hand, the b-wave is represented by the
propagation of the state c after time t = 7. The b-wave propagates in the left direction at
1/1-speed and hits the cell C1. When the b-wave collides with the cell C1, the a-wave which
returns to the right direction is generated.

• c-wave: The c-wave is represented by the states c, d or e. The c-wave acts as a marker.
When the a-wave hits the c-wave represented by the state c or e, the e-wave which returns to
the left direction is generated, the cell in which the c-wave exists changes from the state c to
the state e or from the state e to the state d. On the other hand, when the a-wave hits the
c-wave represented by the state d, the f-wave which returns to the left direction is generated,
the c-wave moves to the left cell.

• d-wave: The d-wave is represented by the state b or d. The d-wave acts as a marker. When
the a-wave collides with the d-wave, the b-wave which returns to the left direction is generated,
the d-wave is deleted.

• e-wave: The e-wave is represented by the state d. The e-wave propagates in the left direction
at 1/1-speed, and the d-wave represented by the state d is generated on the cell that the e-
wave passed through. The e-wave hits the cell C1, and the a-wave which returns to the right
direction is generated.

• f-wave: The f-wave is represented by the state b. The f-wave propagates in the left direction
at 1/1-speed, and the d-wave represented by the state b is generated on the cell that the f-wave
passed through. The f-wave hits the cell C1. At the next step where the f-wave reaches the
cell C1, and the a-wave which returns to the right direction is generated.

We have implemented the rule set in Table 1 on a computer and examined the validity of the table
from t = 0 to t = 20000 steps. In Figure 3, we show a number of configurations in the space-time
domain such that Ci,1 ≤ i ≤ 8,0 ≤ t ≤ 283.

3.1.3 Correctness

We give a formal proof of the correctness of Rn3 . By the definition of the sequence generation
problem M takes the following configuration at time t = 0:
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0 b q q q q q q q

1 a c q q q q q q

2 q e q q q q q q

3 e e q q q q q q

4 q d q q q q q q

5 e d q q q q q q

6 q b q q q q q q

7 b b c q q q q q

8 a b c q q q q q

9 q c c q q q q q

10 e c c q q q q q

11 q a c q q q q q

12 q q e q q q q q

13 q d e q q q q q

14 e d e q q q q q

15 q c e q q q q q

16 e c e q q q q q

17 q a e q q q q q

18 q q d q q q q q

19 q d d q q q q q

20 e d d q q q q q

21 q c d q q q q q

22 e c d q q q q q

23 q a d q q q q q

24 q q b q q q q q

25 q b b c q q q q

26 b b b c q q q q

27 a b b c q q q q

28 q c b c q q q q

29 e c b c q q q q

30 q a b c q q q q

31 q q c c q q q q

32 q c c c q q q q

33 e c c c q q q q

34 q a c c q q q q

35 q q a c q q q q

36 q q q e q q q q

37 q q d e q q q q

38 q d d e q q q q

39 e d d e q q q q

40 q c d e q q q q

41 e c d e q q q q

42 q a d e q q q q

43 q q c e q q q q

44 q c c e q q q q

45 e c c e q q q q

46 q a c e q q q q

47 q q a e q q q q

48 q q q d q q q q

49 q q d d q q q q

50 q d d d q q q q

51 e d d d q q q q

52 q c d d q q q q

53 e c d d q q q q

54 q a d d q q q q

55 q q c d q q q q

56 q c c d q q q q

57 e c c d q q q q

58 q a c d q q q q

59 q q a d q q q q

60 q q q b q q q q

61 q q b b c q q q

62 q b b b c q q q

63 b b b b c q q q

64 a b b b c q q q

65 q c b b c q q q

66 e c b b c q q q

67 q a b b c q q q

68 q q c b c q q q

69 q c c b c q q q

70 e c c b c q q q
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71 q a c b c q q q

72 q q a b c q q q

73 q q q c c q q q

74 q q c c c q q q

75 q c c c c q q q

76 e c c c c q q q

77 q a c c c q q q

78 q q a c c q q q

79 q q q a c q q q

80 q q q q e q q q

81 q q q d e q q q

82 q q d d e q q q

83 q d d d e q q q

84 e d d d e q q q

85 q c d d e q q q

86 e c d d e q q q

87 q a d d e q q q

88 q q c d e q q q

89 q c c d e q q q

1 2 3 4 5 6 7 8

90 e c c d e q q q

91 q a c d e q q q

92 q q a d e q q q

93 q q q c e q q q

94 q q c c e q q q

95 q c c c e q q q

96 e c c c e q q q

97 q a c c e q q q

98 q q a c e q q q

99 q q q a e q q q

100 q q q q d q q q

101 q q q d d q q q

102 q q d d d q q q

103 q d d d d q q q

104 e d d d d q q q

105 q c d d d q q q

106 e c d d d q q q

107 q a d d d q q q

108 q q c d d q q q

109 q c c d d q q q

110 e c c d d q q q

111 q a c d d q q q

112 q q a d d q q q

113 q q q c d q q q

114 q q c c d q q q

115 q c c c d q q q

116 e c c c d q q q

117 q a c c d q q q

118 q q a c d q q q

119 q q q a d q q q

120 q q q q b q q q

121 q q q b b c q q

122 q q b b b c q q

123 q b b b b c q q

124 b b b b b c q q

125 a b b b b c q q

126 q c b b b c q q

127 e c b b b c q q

128 q a b b b c q q

129 q q c b b c q q

130 q c c b b c q q

131 e c c b b c q q

132 q a c b b c q q

133 q q a b b c q q

134 q q q c b c q q

135 q q c c b c q q

136 q c c c b c q q

137 e c c c b c q q

138 q a c c b c q q

139 q q a c b c q q

140 q q q a b c q q

141 q q q q c c q q

150 q q q q q e q q

151 q q q q d e q q

152 q q q d d e q q

153 q q d d d e q q

154 q d d d d e q q

155 e d d d d e q q

156 q c d d d e q q

157 e c d d d e q q

158 q a d d d e q q

159 q q c d d e q q

160 q c c d d e q q

161 e c c d d e q q

162 q a c d d e q q

163 q q a d d e q q

164 q q q c d e q q

165 q q c c d e q q

166 q c c c d e q q

167 e c c c d e q q

168 q a c c d e q q

169 q q a c d e q q

170 q q q a d e q q

171 q q q q c e q q

172 q q q c c e q q

173 q q c c c e q q

174 q c c c c e q q

175 e c c c c e q q

176 q a c c c e q q

177 q q a c c e q q

178 q q q a c e q q

179 q q q q a e q q

142 q q q c c c q q

143 q q c c c c q q

144 q c c c c c q q

145 e c c c c c q q

146 q a c c c c q q

147 q q a c c c q q

148 q q q a c c q q

149 q q q q a c q q

1 2 3 4 5 6 7 8

180 q q q q q d q q

181 q q q q d d q q

182 q q q d d d q q

183 q q d d d d q q

184 q d d d d d q q

185 e d d d d d q q

186 q c d d d d q q

187 e c d d d d q q

188 q a d d d d q q

189 q q c d d d q q

190 q c c d d d q q

191 e c c d d d q q

192 q a c d d d q q

193 q q a d d d q q

194 q q q c d d q q

195 q q c c d d q q

196 q c c c d d q q

197 e c c c d d q q

198 q a c c d d q q

199 q q a c d d q q

200 q q q a d d q q

201 q q q q c d q q

202 q q q c c d q q

203 q q c c c d q q

204 q c c c c d q q

205 e c c c c d q q

206 q a c c c d q q

207 q q a c c d q q

208 q q q a c d q q

209 q q q q a d q q

210 q q q q q b q q

211 q q q q b b c q

212 q q q b b b c q

213 q q b b b b c q

214 q b b b b b c q

215 b b b b b b c q

216 a b b b b b c q

217 q c b b b b c q

218 e c b b b b c q

219 q a b b b b c q

220 q q c b b b c q

221 q c c b b b c q

222 e c c b b b c q

223 q a c b b b c q

224 q q a b b b c q

225 q q q c b b c q

226 q q c c b b c q

227 q c c c b b c q

228 e c c c b b c q

229 q a c c b b c q

230 q q a c b b c q

231 q q q a b b c q

232 q q q q c b c q

233 q q q c c b c q

234 q q c c c b c q

235 q c c c c b c q

236 e c c c c b c q

237 q a c c c b c q

238 q q a c c b c q

239 q q q a c b c q

240 q q q q a b c q

241 q q q q q c c q

242 q q q q c c c q

243 q q q c c c c q

244 q q c c c c c q

245 q c c c c c c q

246 e c c c c c c q

247 q a c c c c c q

248 q q a c c c c q

249 q q q a c c c q

250 q q q q a c c q

251 q q q q q a c q

252 q q q q q q e q

253 q q q q q d e q

254 q q q q d d e q

255 q q q d d d e q

256 q q d d d d e q

257 q d d d d d e q

258 e d d d d d e q

259 q c d d d d e q

260 e c d d d d e q

261 q a d d d d e q

262 q q c d d d e q

263 q c c d d d e q

264 e c c d d d e q

265 q a c d d d e q

266 q q a d d d e q

267 q q q c d d e q

268 q q c c d d e q

269 q c c c d d e q

1 2 3 4 5 6 7 8

270 e c c c d d e q

271 q a c c d d e q

272 q q a c d d e q

273 q q q a d d e q

274 q q q q c d e q

275 q q q c c d e q

276 q q c c c d e q

277 q c c c c d e q

278 e c c c c d e q

279 q a c c c d e q

280 q q a c c d e q

281 q q q a c d e q

282 q q q q a d e q

283 q q q q q c e q

Figure 3: Some configurations of real-time generation of sequence {n3 | n = 1,2,3, . . .}.
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t = 0 :

[1]︷︸︸︷
b

[2,...]︷  ︸︸  ︷
q, . . . ,q

Figure 4 shows snapshots of the generation processes from time t = 0 to t = 6. These configura-
tions can be obtained by applying the rule set R1 given in Table 2 to the initial configuration. Note
that the rule set R1 is a subset of Rn3 .

0 b q q q q q q q q q

1 a c q q q q q q q q

2 q e q q q q q q q q

3 e e q q q q q q q q

4 q d q q q q q q q q

5 e d q q q q q q q q

6 q b q q q q q q q q

1 2 3 4 5 6 7 8 9 10

Figure 4: Configurations of sequence generator for {n3 | n = 1,2,3, . . .} in the space-time domain such
that Ci,1 ≤ i ≤ 10,0 ≤ t ≤ 6.

Table 2: A transition rule set R1.
$ a c → q; $ q d → e; $ q e → e; d q q → q; q q q → q; e e q → d;
e d q → b; a c q → e; e q q → q; b q q → c; c q q → q; $ e d → q;
$ e e → q; q e q → e; $ b q → a; q d q → d;

From Figure 4, we can observe that the cell C1 falls into the special state a at time t = 1 and
generates the first terms in real-time. At time t = 6, M takes the following configuration:

t = 6 :

[1]︷︸︸︷
q

[2]︷︸︸︷
b

[3,...]︷  ︸︸  ︷
q, . . . ,q

Therefore, we obtain the following lemma.

Lemma 1 The first cell C1 takes the special state a with use of the rule set R1 at time t = 1, that
is St1 =a if and only if t = 1 and it can generate the first terms in real-time. The configuration at
time t = 6 is:

t = 6 :

[1]︷︸︸︷
q

[2]︷︸︸︷
b

[3,...]︷  ︸︸  ︷
q, . . . ,q

Next we consider the generation processes at time t ≥ 6.

Lemma 2 Let i be any natural number such that i ≥ 2. Let R j,2 ≤ j ≤ 4 be a rule set given in
Tables 3, 4 and 5 , each is a subset of Rn3 . M has the following configuration at time t = i3 − i with
use of the rule sets R j,2 ≤ j ≤ 4 :

t = i3 − i :

[1,...,i−1]︷  ︸︸  ︷
q, . . . ,q

[i]︷︸︸︷
b

[i+1,...]︷  ︸︸  ︷
q, . . . ,q.

Proof
Basis: First, we consider the case i = 2. Based on Lemma 1, M takes the following configuration at
time t = 6 with use of the rule sets R1 given in Table 2.

t = 6 :

[1]︷︸︸︷
q

[2]︷︸︸︷
b

[3,...]︷  ︸︸  ︷
q, . . . ,q
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Inductive step: Let k be any natural number such that k ≥ 2. We assume that M takes the
following configuration at time t = k3 − k:

t = k3 − k :

[1,...,k−1]︷  ︸︸  ︷
q, . . . ,q

[k]︷︸︸︷
b

[k+1,...]︷  ︸︸  ︷
q, . . . ,q.

M takes the following configurations with use of the rule set R2 given in Table 3:

t = k3 − k :

[1,...,k−1]︷  ︸︸  ︷
q, . . . ,q

[k]︷︸︸︷
b

[k+1,...]︷  ︸︸  ︷
q, . . . ,q ⇒

t = k3 − k + 1 :

[1,...,k−2]︷  ︸︸  ︷
q, . . . ,q

[k−1,k]︷︸︸︷
bb

[k+1]︷︸︸︷
c

[k+2,...]︷  ︸︸  ︷
q, . . . ,q ⇒

t = k3 − k + 2 :

[1,...,k−3]︷  ︸︸  ︷
q, . . . ,q

[k−2,...,k]︷  ︸︸  ︷
b, . . . ,b

[k+1]︷︸︸︷
c

[k+2,...]︷  ︸︸  ︷
q, . . . ,q ⇒

t = k3 − k + 3 :

[1,...,k−4]︷  ︸︸  ︷
q, . . . ,q

[k−3,...,k]︷  ︸︸  ︷
b, . . . ,b

[k+1]︷︸︸︷
c

[k+2,...]︷  ︸︸  ︷
q, . . . ,q .

Table 3: A transition rule set R2.
$ a b → q; q c b → c; q c c → c; $ q q → q; $ q a → q; $ q b → b;
q b q → b; $ q c → e; q b b → b; q a b → q; q a c → q; q q q → q;
q q a → q; q q b → b; q q c → c; e c b → a; e c c → a; a c q → e;
a c b → a; a c c → a; a b b → c; a b c → c; b c q → c; b b b → b;
b b c → b; b q q → c; c c q → c; c c b → c; c c c → c; c b b → b;
c b c → b; c q q → q; $ e c → q; $ b b → a;

The state b propagated in the left direction at 1-cell/1-step speed on cell space is called the
f-wave, and the state c keeps staying on cell Ck+1 is called the c-wave. The state b after the f-wave
passed through is called the d-wave. The f-wave hits the cell C1 at time t = k3 − k + k − 1 = k3 − 1.
After time t = k3 − 1, M takes the following configuration:

t = k3 − 1 :

[1,...,k]︷  ︸︸  ︷
b, . . . ,b

[k+1]︷︸︸︷
c

[k+2,...]︷  ︸︸  ︷
q, . . . ,q ⇒

t = k3 :

[1]︷︸︸︷
a

[2,...,k]︷  ︸︸  ︷
b, . . . ,b

[k+1]︷︸︸︷
c

[k+2,...]︷  ︸︸  ︷
q, . . . ,q ⇒

t = k3 + 1 :

[1]︷︸︸︷
q

[2]︷︸︸︷
c

[3,...,k]︷  ︸︸  ︷
b, . . . ,b

[k+1]︷︸︸︷
c

[k+2,...]︷  ︸︸  ︷
q, . . . ,q ⇒

t = k3 + 2 :

[1]︷︸︸︷
e

[2]︷︸︸︷
c

[3,...,k]︷  ︸︸  ︷
b, . . . ,b

[k+1]︷︸︸︷
c

[k+2,...]︷  ︸︸  ︷
q, . . . ,q ⇒

t = k3 + 3 :

[1]︷︸︸︷
q

[2]︷︸︸︷
a

[3,...,k]︷  ︸︸  ︷
b, . . . ,b

[k+1]︷︸︸︷
c

[k+2,...]︷  ︸︸  ︷
q, . . . ,q ⇒

t = k3 + 4 :

[1,2]︷︸︸︷
qq

[3]︷︸︸︷
c

[4,...,k]︷  ︸︸  ︷
b, . . . ,b

[k+1]︷︸︸︷
c

[k+2,...]︷  ︸︸  ︷
q, . . . ,q ⇒

t = k3 + 5 :

[1]︷︸︸︷
q

[2,3]︷︸︸︷
cc

[4,...,k]︷  ︸︸  ︷
b, . . . ,b

[k+1]︷︸︸︷
c

[k+2,...]︷  ︸︸  ︷
q, . . . ,q ⇒

t = k3 + 6 :

[1]︷︸︸︷
e

[2,3]︷︸︸︷
cc

[4,...,k]︷  ︸︸  ︷
b, . . . ,b

[k+1]︷︸︸︷
c

[k+2,...]︷  ︸︸  ︷
q, . . . ,q ⇒

t = k3 + 7 :

[1]︷︸︸︷
q

[2]︷︸︸︷
a

[3]︷︸︸︷
c

[4,...,k]︷  ︸︸  ︷
b, . . . ,b

[k+1]︷︸︸︷
c

[k+2,...]︷  ︸︸  ︷
q, . . . ,q ⇒

t = k3 + 8 :

[1,2]︷︸︸︷
qq

[3]︷︸︸︷
a

[4,...,k]︷  ︸︸  ︷
b, . . . ,b

[k+1]︷︸︸︷
c

[k+2,...]︷  ︸︸  ︷
q, . . . ,q .

The cell C1 falls into the special state a at time t = k3. The state a propagated in the right
direction at 1/1 speed is called the a-wave, and the state c propagated in the left direction at 1/1
speed is called the b-wave. The a- and b-waves reciprocate until all d-waves are deleted. Then, the
a-wave hits the c-wave at time t = k3 + k2. At this time, M takes the following configuration:
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t = k3 + k2 :

[1,...,k]︷  ︸︸  ︷
q, . . . ,q

[k+1]︷︸︸︷
e

[k+2,...]︷  ︸︸  ︷
q, . . . ,q .

In the next cycle, M transitions with use of the rule sets R3 given in Table 4. M takes the
following configurations:

t = k3 + k2 :

[1,...,k]︷  ︸︸  ︷
q, . . . ,q

[k+1]︷︸︸︷
e

[k+2,...]︷  ︸︸  ︷
q, . . . ,q ⇒

t = k3 + k2 + 1 :

[1,...,k−1]︷  ︸︸  ︷
q, . . . ,q

[k]︷︸︸︷
d

[k+1]︷︸︸︷
e

[k+2,...]︷  ︸︸  ︷
q, . . . ,q ⇒

t = k3 + k2 + 2 :

[1,...,k−2]︷  ︸︸  ︷
q, . . . ,q

[k−1,k]︷︸︸︷
dd

[k+1]︷︸︸︷
e

[k+2,...]︷  ︸︸  ︷
q, . . . ,q ⇒

t = k3 + k2 + 3 :

[1,...,k−3]︷  ︸︸  ︷
q, . . . ,q

[k−2,...,k]︷  ︸︸  ︷
d, . . . ,d

[k+1]︷︸︸︷
e

[k+2,...]︷  ︸︸  ︷
q, . . . ,q .

Table 4: A transition rule set R3.
q d d → d; q d e → d; q c c → c; q c d → c; q c e → c; $ q q → q;
$ q a → q; $ q c → e; $ q d → e; q a c → q; q a d → q; q a e → q;
q q q → q; q q a → q; q q c → c; q q d → d; q q e → d; a e q → d;
e d d → c; e c c → a; e c d → a; a d d → c; a d e → c; a c c → a;
a c d → a; a c e → a; e q q → q; c e q → e; c d d → d; c d e → d;
c c c → c; c c d → c; c c e → c; $ e c → q; $ e d → q; d e q → e;
q e q → e; d d d → d; d d e → d;

In this case, the state d propagated in the left direction at 1/1 is called the e-wave, and the state
e keeps staying on cell Ck+1 is called the c-wave. The state d after the e-wave passed through is
called the d-wave. The e-wave hits the cell C1 at time t = k3 + k2 + k. After time t = k3 + k2 + k, the
a- and b-waves reciprocate until all d-waves are deleted. Then, the a-wave hits the c-wave at time
t = k3 + 2k2 + k. At this time, M takes the following configuration:

t = k3 + 2k2 + k :

[1,...,k]︷  ︸︸  ︷
q, . . . ,q

[k+1]︷︸︸︷
d

[k+2,...]︷  ︸︸  ︷
q, . . . ,q .

In the next cycle, M transitions with use of the rule sets R4 given in Table 5. M takes the
following configurations:

t = k3 + 2k2 + k :

[1,...,k]︷  ︸︸  ︷
q, . . . ,q

[k+1]︷︸︸︷
d

[k+2,...]︷  ︸︸  ︷
q, . . . ,q ⇒

t = k3 + 2k2 + k + 1 :

[1,...,k−1]︷  ︸︸  ︷
q, . . . ,q

[k ,k+1]︷︸︸︷
dd

[k+2,...]︷  ︸︸  ︷
q, . . . ,q ⇒
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t = k3 + 2k2 + k + 2 :

[1,...,k−2]︷  ︸︸  ︷
q, . . . ,q

[k−1,...,k+1]︷  ︸︸  ︷
d, . . . ,d

[k+2,...]︷  ︸︸  ︷
q, . . . ,q ⇒

t = k3 + 2k2 + k + 3 :

[1,...,k−3]︷  ︸︸  ︷
q, . . . ,q

[k−2,...,k+1]︷  ︸︸  ︷
d, . . . ,d

[k+2,...]︷  ︸︸  ︷
q, . . . ,q .

Table 5: A transition rule set R4.
q d d → d; q c c → c; q c d → c; $ q q → q; $ q a → q; $ q c → e;
$ q d → e; d q q → q; q a c → q; q a d → q; q q q → q; q q a → q;
q q c → c; q q d → d; e d d → c; a d q → b; e c c → a; e c d → a;
a d d → c; a c c → a; a c d → a; c d q → d; c d d → d; c c c → c;
c c d → c; $ e c → q; $ e d → q; d d q → d; d d d → d; q d q → d;

In this case, the state d propagated in the left direction at 1/1 is called the e-wave, and the state
d keeps staying on cell Ck+1 is called the c-wave. The state d after the e-wave passed through is
called the d-wave. The e-wave hits the cell C1 at time t = k3 + 2k2 + 2k. After time t = k3 + 2k2 + 2k,
the a- and b-waves reciprocate until all d-waves are deleted. Then, the a-wave hits the c-wave at
time t = k3 + 3k2 + 2k = (k + 1)3 − (k + 1). At this time, M takes the following configuration:

t = (k + 1)3 − (k + 1) :

[1,...,k]︷  ︸︸  ︷
q, . . . ,q

[k+1]︷︸︸︷
b

[k+2,...]︷  ︸︸  ︷
q, . . . ,q .

From the basis and the inductive steps we have Lemma 2. �

Based on Lemmas 1 and 2, the first cell C1 falls into the special state a by the transition function
Rn3 = R1 ∪ R2 ∪ R3 ∪ R4 at time t = i3 for any i, i ≥ 1. Thus, we obtain the following theorem.

Theorem 3 Sequence {n3 | n = 1,2,3, . . .} can be generated in real-time by the six-state cellular
automaton with the transition Table 1.

3.2 Eight-State Real-Time Sequence {n3 | n = 1,2,3, ...} Generator
We explain an overview of an eight-state sequence {n3 | n = 1,2,3, . . .} generator shown by Kamikawa
and Umeo [9].

3.2.1 Space-Time Diagram

We give a sketch of the generation algorithm. The algorithm is described in terms of six waves. They
are x-wave, y-wave, p-wave, r-wave, u-wave and v-wave, respectively. See Figure 5 that illustrates
a space-time diagram for the real-time generation of the sequence. The propagation speed and
direction of each wave in a space-time domain is as follows:

• x-wave: 1/1-speed, right,

• y-wave: 1/1-speed, left,

• p-wave: 0-speed, stationary (marker),

• r-wave: 1/2-speed, right,

• u-wave: 1/1-speed, right, and

• v-wave: 1/2-speed, right.
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Figure 5: Space-time diagram for real-time gen-
eration of sequence {n3 | n = 1,2,3, . . .}.

A rough sketch of the eight-state sequence
{n3 | n = 1,2,3, . . .} generator is as follows:

1. The r-wave, generated by C2 at time t = 1,
propagates at 1/2 speed in the right direc-
tion.

2. Let i be any natural number such that i ≥
1. As the r-, u- and v-waves propagate,
pi-waves are generated on cell C2, C4, C7,
C11, . . . , C i2+i+2

2

, respectively.

3. The x-wave starts to move in the right
direction at time t = 1 towards the p1-
wave at 1/1 speed, then bounces back at
its meeting with the p1-wave to the left
end as a y-wave. At the arrival of the y-
wave at left end of the array, the x-wave
is generated. The x- and y-waves recipro-
cate between the cell C1 and the p1-wave.
When the x-wave reaches the p1-wave at
time t = 6, the p1-wave is disappeared, and
the y-wave is generated on the cell C2. The
y-wave propagates in the left direction, and
hits the cell C1 at time t = 7. At the next
step t = 8, the cell C1 falls into the special
state a, the x-wave generated, and the cell
C1 generates the next term. The x- and y-
waves reciprocate between the cell C1 and
the p2-wave.

4. At time t = i3, the pi-wave exists on the
cell C i2+i+2

2

, and the x-wave generated. The
x- and y-waves make three round trips be-
tween the cell C1 and the pi-wave. At time
t = i3+3(i2+ i), the y-wave reaches the left-
most cell C1 for the third time, therefore
the speed of the x- and y-waves are 1/1. At
the next step t = i3 + 3(i2 + i) + 1 = (i + 1)3,
the cell C1 falls into the special state a.

3.2.2 Implementation

An eight-state real-time sequence generator for
{n3 | n = 1,2,3, . . .} consists of a semi-infinite ar-
ray of finite state automaton M = (Q, δ,c,a),
where Q = {q,a,b,c,d,e,f,p}. Table 6 is the
transition function Rn3_8States for the eight-state
real-time sequence {n3 | n = 1,2,3, . . .} generator.

The initial configuration of M at time t = 0
is:

t = 0 :

[1]︷︸︸︷
c

[2,...]︷ ︸︸ ︷
q, ...,q.
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Table 6: An eight-state transition function Rn3_8States for real-time generation of sequence {n3 | n =
1,2,3, . . .}.
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At time t = 1, all cells, except for C1 and C2, keep the quiescent state q with the rule q q q → q.
C1 and C2 fall into the state a and b with the rules $ c q → a and c q q → b in Rn3_8States,
respectively. The configuration at time t = 1 is:

t = 1 :

[1]︷︸︸︷
a

[2]︷︸︸︷
b

[3,...]︷ ︸︸ ︷
q, ...,q.

At time t = 2, all cells, except for C1, C2 and C3, keep the quiescent state q with the rule q q q →
q. C1, C2 and C3 fall into the state b, c and q with the rules $ a b → b, a b q → c and b q q
→ q in Rn3_8States, respectively. The configuration at time t = 2 is:

t = 2 :

[1]︷︸︸︷
b

[2]︷︸︸︷
c

[3,...]︷ ︸︸ ︷
q, ...,q.

In this way, M takes the following configurations at time t = 0 ∼ 27.

t = 0 :

[1]︷︸︸︷
c

[2, . . .]︷    ︸︸    ︷
q, . . . , q ⇒

t = 1 :

[1]︷︸︸︷
a

[2]︷︸︸︷
b

[3, . . .]︷    ︸︸    ︷
q, . . . , q ⇒

t = 2 :

[1]︷︸︸︷
b

[2]︷︸︸︷
c

[3, . . .]︷    ︸︸    ︷
q, . . . , q ⇒

t = 3 :

[1]︷︸︸︷
b

[2]︷︸︸︷
m

[3]︷︸︸︷
b

[4, . . .]︷    ︸︸    ︷
q, . . . , q ⇒

t = 4 :

[1]︷︸︸︷
c

[2]︷︸︸︷
m

[3]︷︸︸︷
c

[4, . . .]︷    ︸︸    ︷
q, . . . , q ⇒

t = 5 :

[1]︷︸︸︷
f

[2]︷︸︸︷
a

[3]︷︸︸︷
q

[4]︷︸︸︷
b

[5, . . .]︷    ︸︸    ︷
q, . . . , q ⇒

t = 6 :

[1]︷︸︸︷
q

[2]︷︸︸︷
f

[3]︷︸︸︷
a

[4]︷︸︸︷
c

[5, . . .]︷    ︸︸    ︷
q, . . . , q ⇒

t = 7 :

[1,2]︷︸︸︷
ff

[3]︷︸︸︷
b

[4]︷︸︸︷
a

[5]︷︸︸︷
b

[6, . . .]︷    ︸︸    ︷
q, . . . , q ⇒

t = 8 :

[1]︷︸︸︷
a

[2]︷︸︸︷
f

[3]︷︸︸︷
b

[4]︷︸︸︷
m

[5]︷︸︸︷
c

[6, . . .]︷    ︸︸    ︷
q, . . . , q ⇒

t = 9 :

[1]︷︸︸︷
q

[2,3]︷︸︸︷
cc

[4]︷︸︸︷
m

[5]︷︸︸︷
q

[6]︷︸︸︷
b

[6, . . .]︷    ︸︸    ︷
q, . . . , q ⇒

t = 10 :

[1,2]︷︸︸︷
qq

[3]︷︸︸︷
c

[4]︷︸︸︷
a

[5]︷︸︸︷
q

[6]︷︸︸︷
c

[6, . . .]︷    ︸︸    ︷
q, . . . , q ⇒

t = 11 :

[1, . . . ,3]︷    ︸︸    ︷
q, . . . , q

[4]︷︸︸︷
d

[5]︷︸︸︷
a

[6]︷︸︸︷
q

[7]︷︸︸︷
b

[8, . . .]︷    ︸︸    ︷
q, . . . , q ⇒

t = 12 :

[1,2]︷︸︸︷
qq

[3,4]︷︸︸︷
dd

[5]︷︸︸︷
b

[6]︷︸︸︷
a

[7]︷︸︸︷
c

[8, . . .]︷    ︸︸    ︷
q, . . . , q ⇒

t = 13 :

[1]︷︸︸︷
q

[2, . . . ,4]︷    ︸︸    ︷
d, . . . , d

[5]︷︸︸︷
b

[6]︷︸︸︷
e

[7]︷︸︸︷
a

[8]︷︸︸︷
b

[9, . . .]︷    ︸︸    ︷
q, . . . , q ⇒
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t = 14 :

[1]︷︸︸︷
m

[2, . . . ,4]︷    ︸︸    ︷
d, . . . , d

[5]︷︸︸︷
c

[6]︷︸︸︷
e

[7]︷︸︸︷
m

[8]︷︸︸︷
c

[9, . . .]︷    ︸︸    ︷
q, . . . , q ⇒

t = 15 :

[1]︷︸︸︷
q

[2]︷︸︸︷
m

[3,4]︷︸︸︷
dd

[5]︷︸︸︷
q

[6]︷︸︸︷
b

[7]︷︸︸︷
m

[8]︷︸︸︷
q

[9]︷︸︸︷
b

[10, . . .]︷    ︸︸    ︷
q, . . . , q ⇒

t = 16 :

[1,2]︷︸︸︷
qq

[3]︷︸︸︷
m

[4]︷︸︸︷
d

[5]︷︸︸︷
q

[6]︷︸︸︷
c

[7]︷︸︸︷
m

[8]︷︸︸︷
q

[9]︷︸︸︷
c

[10, . . .]︷    ︸︸    ︷
q, . . . , q ⇒

t = 17 :

[1, . . . ,3]︷    ︸︸    ︷
q, . . . , q

[4]︷︸︸︷
e

[5,6]︷︸︸︷
qq

[7]︷︸︸︷
a

[8,9]︷︸︸︷
qq

[10]︷︸︸︷
b

[11, . . .]︷    ︸︸    ︷
q, . . . , q ⇒

t = 18 :

[1,2]︷︸︸︷
qq

[3,4]︷︸︸︷
ee

[5,6]︷︸︸︷
qq

[7]︷︸︸︷
m

[8]︷︸︸︷
a

[9]︷︸︸︷
q

[10]︷︸︸︷
c

[11, . . .]︷    ︸︸    ︷
q, . . . , q ⇒

t = 19 :

[1]︷︸︸︷
q

[2, . . . ,4]︷    ︸︸    ︷
e, . . . , e

[5,6]︷︸︸︷
qq

[7]︷︸︸︷
m

[8]︷︸︸︷
b

[9]︷︸︸︷
a

[10]︷︸︸︷
q

[11]︷︸︸︷
b

[12, . . .]︷    ︸︸    ︷
q, . . . , q ⇒

t = 20 :

[1]︷︸︸︷
m

[2, . . . ,4]︷    ︸︸    ︷
e, . . . , e

[5,6]︷︸︸︷
qq

[7]︷︸︸︷
m

[8]︷︸︸︷
b

[9]︷︸︸︷
e

[10]︷︸︸︷
a

[11]︷︸︸︷
c

[12, . . .]︷    ︸︸    ︷
q, . . . , q ⇒

t = 21 :

[1]︷︸︸︷
q

[2]︷︸︸︷
m

[3,4]︷︸︸︷
ee

[5,6]︷︸︸︷
qq

[7]︷︸︸︷
m

[8]︷︸︸︷
c

[9,10]︷︸︸︷
ee

[11]︷︸︸︷
a

[12]︷︸︸︷
b

[13, . . .]︷    ︸︸    ︷
q, . . . , q ⇒

t = 22 :

[1,2]︷︸︸︷
qq

[3]︷︸︸︷
m

[4]︷︸︸︷
e

[5,6]︷︸︸︷
qq

[7]︷︸︸︷
m

[8]︷︸︸︷
q

[9]︷︸︸︷
b

[10]︷︸︸︷
e

[11]︷︸︸︷
m

[12]︷︸︸︷
c

[13, . . .]︷    ︸︸    ︷
q, . . . , q ⇒

t = 23 :

[1, . . . ,3]︷    ︸︸    ︷
q, . . . , q

[4]︷︸︸︷
f

[5,6]︷︸︸︷
qq

[7]︷︸︸︷
m

[8]︷︸︸︷
q

[9]︷︸︸︷
c

[10]︷︸︸︷
e

[11]︷︸︸︷
m

[12]︷︸︸︷
q

[13]︷︸︸︷
b

[14, . . .]︷    ︸︸    ︷
q, . . . , q ⇒

t = 24 :

[1,2]︷︸︸︷
qq

[3, . . . ,5]︷    ︸︸    ︷
f, . . . , f

[6]︷︸︸︷
q

[7]︷︸︸︷
m

[8,9]︷︸︸︷
qq

[10]︷︸︸︷
b

[11]︷︸︸︷
m

[12]︷︸︸︷
q

[13]︷︸︸︷
c

[14, . . .]︷    ︸︸    ︷
q, . . . , q ⇒

t = 25 :

[1]︷︸︸︷
q

[2, . . . ,6]︷    ︸︸    ︷
f, . . . , f

[7]︷︸︸︷
m

[8,9]︷︸︸︷
qq

[10]︷︸︸︷
c

[11]︷︸︸︷
m

[12,13]︷︸︸︷
qq

[14]︷︸︸︷
b

[15, . . .]︷    ︸︸    ︷
q, . . . , q ⇒

t = 26 :

[1, . . . ,6]︷    ︸︸    ︷
f, . . . , f

[7]︷︸︸︷
m

[8, . . . ,10]︷    ︸︸    ︷
q, . . . , q

[11]︷︸︸︷
a

[12,13]︷︸︸︷
qq

[14]︷︸︸︷
c

[15, . . .]︷    ︸︸    ︷
q, . . . , q ⇒

t = 27 :

[1]︷︸︸︷
a

[2, . . . ,6]︷    ︸︸    ︷
f, . . . , f

[7]︷︸︸︷
m

[8, . . . ,10]︷    ︸︸    ︷
q, . . . , q

[11]︷︸︸︷
m

[12]︷︸︸︷
a

[13,14]︷︸︸︷
qq

[15]︷︸︸︷
b

[16, . . .]︷    ︸︸    ︷
q, . . . , q

The overview of the wave generation and its implementation in terms of eight states is as follows:

• x-wave: The x-wave is depicted by the state a or m. It is generated on C1. The state m
representing the x-wave appears all cells, except for C1. The state a representing the x-wave
appears only on C1. The x-wave propagates in the right direction at 1/1-speed and meets
the pi-wave which is a stationary state staying on the cell C i2+i+2

2

. When the x-wave hits the
pi-wave, the y-wave which returns to the left direction is generated.

• y-wave: The y-wave is depicted by the state d, e or f. The y-wave propagates in the left
direction at 1/1-speed and hits the cell C1. When the y-wave depicted by the state d or e
collides with the cell C1, the x-wave which returns to the right direction is generated. On the
other hand, the cell C1 falls into the special state a one step after the y-wave depicted by the
state f arrivals the cell C1, and the x-wave which returns to the right direction is generated.

• pi-wave: The pi-wave is represented by the state m, d or e. The pi-wave acts as a marker.
When the x-wave collides with the pi-wave depicted by the state m, the y-wave depicted by
the state d which returns to the left direction is generated, the pi-wave changes to the pi-wave
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depicted by the state d. Moreover, when the x-wave hits the pi-wave depicted by the state d,
the y-wave depicted by the state e which returns to the left direction is generated, the state
constructed the pi-wave transits the state e. In addition, when the x-wave hits the pi-wave
depicted by the state e, the y-wave depicted by the state f which returns to the left direction
is generated, the pi-wave is deleted.

• r-wave: The r-wave is represented by the states b and c. The r-wave propagates in the right
direction at 1/2-speed. When the u-wave hits the r-wave, the pi-wave is generated on the cell
C i2+i+2

2

, the r-wave continues to propagate in the right direction.

• u-wave: The u-wave is represented by the state a. The u-wave propagates in the right direction
at 1/1-speed. When the u-wave collides with the r-wave, the pi-wave is generated on the cell
C i2+i+2

2

, the u-wave is eliminated.

• v-wave: The v-wave is represented by the states b and c. The v-wave propagates in the right
direction at 1/2-speed. When the v-wave hits the pi-wave is represented by the state m, the
u-wave used to make the pi+1-wave is generated. On the other hand, the v-wave continues to
propagate in the right direction after one step delay.

We have implemented the rule set in Table 6 on a computer and examined the validity of the table
from t = 0 to t = 20000 steps. In Figure 6, we show a number of configurations in the space-time
domain such that Ci,1 ≤ i ≤ 35,0 ≤ t ≤ 65.

3.3 Comparison of Sequence Generators

In this section, we compare six- and eight-state sequence generators by the number of state-
changes and the number of cells. Let M be a one-dimensional CA, i be a natural number such
that such that i ≥ 1, ai be an infinite monotonically increasing positive integer sequence defined on
natural numbers such that a1 = 1, a2 = 8, a3 = 27, . . . , ai = i3. The number of state-changes
indicates the total number of changes in the internal state of each cell until time t = ai. In other
words, it represents the number of state changes required for sequence generator to generate the
i-th term of ai. The number of cells indicates the number of cells necessary for generating the
i-th term of ai. The number of internal states, the number of state-changes, and the number of cells
are the evaluation items of sequence generators. Generally, it is considered that sequence generator
with less the number of internal states, the number of state-changes and number of cells is better.

3.3.1 Number of State-changes

We revealed number of state-changes of six- and eight-state sequence generators using a computer.
In Figure 7, we show number of state-changes of six- and eight-state sequence generators such that
ai, 1 ≤ i ≤ 12. Also, the number of state-changes of the six-state sequence generator is 3i3+i

2 .

3.3.2 Number of cells

So far we have described real-time sequence generation algorithms for {n3 | n = 1,2,3, . . .} on CA
consisting of the right semi-infinite array of cells. From now on we consider sequence generators
consisting of a finite array of cells. Let m be a positive integer such that m ≥ 1. In this case, CA
is constructed of an array of m cells, and the cells are called C1, C2, . . ., Cm from the left edge,
respectively. The leftmost cell C1 always gets a special state $ from its outside as the state of its left
cell, and the rightmost cell Cm always gets a special state $ from its outside as the state of its right
cell. The quiescent state q ∈ Q has a property such that δ(q,q,q) = q, δ($,q,q) = q and δ(q,q,$) = q.
Therefore, a exactly definition of the number of cells necessary for time t ≤ ai is the smallest
value of m such that the finite array C1, C2, . . ., Cm generates the sequence ai as desired for time
t ≤ ai. We show the number of cells of six- and eight-state sequence generators as follows:
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1 2 3 4 5 6 7 8 91011121314151617181920212223242526272829303132333435

0 c q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q

1 a b q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q

2 b c q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q

3 b m b q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q

4 c m c q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q

5 f a q b q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q

6 q f a c q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q

7 f f b a b q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q

8 a f b m c q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q

9 q c c m q b q q q q q q q q q q q q q q q q q q q q q q q q q q q q q

10 q q c a q c q q q q q q q q q q q q q q q q q q q q q q q q q q q q q

11 q q q d a q b q q q q q q q q q q q q q q q q q q q q q q q q q q q q

12 q q d d b a c q q q q q q q q q q q q q q q q q q q q q q q q q q q q

13 q d d d b e a b q q q q q q q q q q q q q q q q q q q q q q q q q q q

14 m d d d c e m c q q q q q q q q q q q q q q q q q q q q q q q q q q q

15 q m d d q b m q b q q q q q q q q q q q q q q q q q q q q q q q q q q

16 q q m d q c m q c q q q q q q q q q q q q q q q q q q q q q q q q q q

17 q q q e q q a q q b q q q q q q q q q q q q q q q q q q q q q q q q q

18 q q e e q q m a q c q q q q q q q q q q q q q q q q q q q q q q q q q

19 q e e e q q m b a q b q q q q q q q q q q q q q q q q q q q q q q q q

20 m e e e q q m b e a c q q q q q q q q q q q q q q q q q q q q q q q q

21 q m e e q q m c e e a b q q q q q q q q q q q q q q q q q q q q q q q

22 q q m e q q m q b e m c q q q q q q q q q q q q q q q q q q q q q q q

23 q q q f q q m q c e m q b q q q q q q q q q q q q q q q q q q q q q q

24 q q f f f q m q q b m q c q q q q q q q q q q q q q q q q q q q q q q

25 q f f f f f m q q c m q q b q q q q q q q q q q q q q q q q q q q q q

26 f f f f f f m q q q a q q c q q q q q q q q q q q q q q q q q q q q q

27 a f f f f f m q q q m a q q b q q q q q q q q q q q q q q q q q q q q

28 q m f f f f m q q q m b a q c q q q q q q q q q q q q q q q q q q q q

29 q q m f f f m q q q m b e a q b q q q q q q q q q q q q q q q q q q q

30 q q q m f f m q q q m c e e a c q q q q q q q q q q q q q q q q q q q

31 q q q q m f m q q q m q b e e a b q q q q q q q q q q q q q q q q q q

32 q q q q q m m q q q m q c e e m c q q q q q q q q q q q q q q q q q q

33 q q q q q q d q q q m q q b e m q b q q q q q q q q q q q q q q q q q

34 q q q q q d d q q q m q q c e m q c q q q q q q q q q q q q q q q q q

35 q q q q d d d q q q m q q q b m q q b q q q q q q q q q q q q q q q q

36 q q q d d d d q q q m q q q c m q q c q q q q q q q q q q q q q q q q

37 q q d d d d d q q q m q q q q a q q q b q q q q q q q q q q q q q q q

38 q d d d d d d q q q m q q q q m a q q c q q q q q q q q q q q q q q q

39 m d d d d d d q q q m q q q q m b a q q b q q q q q q q q q q q q q q

40 q m d d d d d q q q m q q q q m b e a q c q q q q q q q q q q q q q q

41 q q m d d d d q q q m q q q q m c e e a q b q q q q q q q q q q q q q

42 q q q m d d d q q q m q q q q m q b e e a c q q q q q q q q q q q q q

43 q q q q m d d q q q m q q q q m q c e e e a b q q q q q q q q q q q q

44 q q q q q m d q q q m q q q q m q q b e e m c q q q q q q q q q q q q

45 q q q q q q e q q q m q q q q m q q c e e m q b q q q q q q q q q q q

46 q q q q q e e q q q m q q q q m q q q b e m q c q q q q q q q q q q q

47 q q q q e e e q q q m q q q q m q q q c e m q q b q q q q q q q q q q

48 q q q e e e e q q q m q q q q m q q q q b m q q c q q q q q q q q q q

49 q q e e e e e q q q m q q q q m q q q q c m q q q b q q q q q q q q q

50 q e e e e e e q q q m q q q q m q q q q q a q q q c q q q q q q q q q

51 m e e e e e e q q q m q q q q m q q q q q m a q q q b q q q q q q q q

52 q m e e e e e q q q m q q q q m q q q q q m b a q q c q q q q q q q q

53 q q m e e e e q q q m q q q q m q q q q q m b e a q q b q q q q q q q

54 q q q m e e e q q q m q q q q m q q q q q m c e e a q c q q q q q q q

55 q q q q m e e q q q m q q q q m q q q q q m q b e e a q b q q q q q q

56 q q q q q m e q q q m q q q q m q q q q q m q c e e e a c q q q q q q

57 q q q q q q f q q q m q q q q m q q q q q m q q b e e e a b q q q q q

58 q q q q q f f f q q m q q q q m q q q q q m q q c e e e m c q q q q q

59 q q q q f f f f f q m q q q q m q q q q q m q q q b e e m q b q q q q

60 q q q f f f f f f f m q q q q m q q q q q m q q q c e e m q c q q q q

61 q q f f f f f f f f m q q q q m q q q q q m q q q q b e m q q b q q q

62 q f f f f f f f f f m q q q q m q q q q q m q q q q c e m q q c q q q

63 f f f f f f f f f f m q q q q m q q q q q m q q q q q b m q q q b q q

64 a f f f f f f f f f m q q q q m q q q q q m q q q q q c m q q q c q q

65 q m f f f f f f f f m q q q q m q q q q q m q q q q q q a q q q q b q

Figure 6: Configurations of real-time generation of sequence {n3 | n = 1,2,3, . . .} in the space-time
domain such that Ci, 1 ≤ i ≤ 35, 0 ≤ t ≤ 65.

273



Two Implementations of Real-Time Sequence Generator and Their Comparison

 0

 1000

 2000

 3000

 4000

 5000

 6000

 7000

 8000

 9000

 10000

 1  2  3  4  5  6  7  8  9  10  11  12

N
u
m

b
er

 o
f 

st
at

e-
ch

an
g
es

Index of an

6-state generator

8-state generator

Figure 7: Number of state-changes of six- and eight-state sequence generators.

• Six-state sequence generator

From Lemma 2, M takes the following configurations at time t = i3 − i and t = i3, respectively.

t = i3 − i :

[1,...,i−1]︷  ︸︸  ︷
q, . . . ,q

[i]︷︸︸︷
b

[i+1,...]︷  ︸︸  ︷
q, . . . ,q

t = i3 :

[1]︷︸︸︷
a

[2,...,i]︷  ︸︸  ︷
b, . . . ,b

[i+1]︷︸︸︷
c

[i+2,...]︷  ︸︸  ︷
q, . . . ,q

When the leftmost cell C1 falls into a special state a at time t = i3, the rightmost cell whose
state is not a quiescent state q is the cell Ci+1. Therefore, the number of cells of six-state
sequence generator is i + 1.

• Eight-state sequence generator

The r-wave is generated on the cell C2 at the time t = 1, and proceeds in the right direction
at 1/2 speed. See Figure 5. Let N be a set of natural numbers and Pr (t) : N ∪ {0} → N be a
function such that Pr (t) = d

t
2 e + 1, t ≥ 0. Then, the r-wave appears on the cell CPr (t) at time

t. Therefore, the number of cells of eight-state sequence generator is Pr (i3) = d i
3

2 e + 1.

The number of internal states, the number of state-changes and number of cells of the six-state
sequence generator are smaller than the eight-state sequence generator. Thus, we consider that the
six-state sequence generator is better than the eight-state sequence generator.
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4 Conclusion
A sequence generation problem on CAs has been studied. It has been shown that sequence {n3 | n =
1,2,3, . . .} can be generated in real-time by a six-state cellular automaton. We have also given a
formal proof of the correctness of the six-state implementation of the algorithm. The number of
state-changes and number of cells of six- and eight-state sequence generators have been shown. Our
sequence generation algorithms would be useful in the simulation and modeling biological pattern
formations using CAs. A further improvement on the number of states and its lower bound would
be interesting.
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